Electron and Photon Interactions in the Regime of Strong LPM Suppression 
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Most searches for ultra-high energy (UHE) astrophysical neutrinos look for radio emission from 
the electromagnetic and hadronic showers produced in their interactions. The radio frequency spec- 
trum and angular distribution depend on the shower development, so are sensitive to the interaction 
cross sections. At energies above about 10 16 eV (in ice), the Landau-Pomeranchuk-Migdal (LPM) 
effect significantly reduces the cross sections for the two dominant electromagnetic interactions: 
bremsstrahlung and pair production. At higher energies, above about 10 20 eV, the photonuclear 
cross section becomes larger than that for pair production, and direct pair production and electronu- 
clear interactions become dominant over bremsstrahlung. The electron interaction length reaches a 
maximum around 10 21 eV, and then decreases slowly as the electron energy increases further. In 
this regime, the growth in the photon cross section and electron energy loss moderates the rise in 
v e shower length, which rises from ~10 m at 10 16 eV to ~50 m at 10 19 eV and ~100 m at 10 20 eV, 
but only to ~1 km at 10 24 eV. In contrast, without photonuclear and electronuclear interactions, 
the shower length would be over 10 km at 10 24 eV. 

PACS numbers: 



I. INTRODUCTION 

Many groups are searching for astrophysical neutrinos 
with energies above 100 PeV. Experiments that search for 
optical Cherenkov radiation have sub-TeV thresholds [1] 
and detectors with radio antennas emplaced in Antarc- 
tic ice have thresholds around 10 17 eV 043 1 but most of 
the other experiments are only sensitive to considerably 
higher energies. For example, ANITA Q is most sensitive 
above 10 19 eV, while experiments that search for acoustic 
signals [6J or for neutrino interactions in the Moon have 
threshold above 10 20 eV 0-E2 - often far above. These 
experiments observe the coherent radio Cherenkov radi- 
ation or acoustic emission from the showers produced by 
v e and neutral current interactions of all neutrino fla- 
vors, and have presented flux limits on the cosmogenic 
neutrino flux at energies up to 10 25 eV. 

Neutrino induced showers have hadronic and electro- 
magnetic components. The hadronic component comes 
from the average of 20% of the neutrino energy that is 
transferred to the target nucleus. The LPM effect has lit- 
tle effect on hadronic showers, so these showers remains 
relatively compact, less than 40 m long in ice. 

In charged-current interactions the remainder of the 
energy is transferred to the produced lepton. For v e 
(1/3 of the total neutrino flux), this energy produces an 
electromagnetic shower, which also produces radio and 
acoustic radiation. Because of the higher shower energy, 
this electromagnetic component is potentially easier to 
detect than the hadronic component. However, the LPM 
effect greatly elongates the shower; for a 10 24 eV neu- 
trino interacting in ice, the average shower length is over 
10 km [13|. This length restricts the conditions for co- 
herent radiation to a very narrow angular range, limiting 
its usefulness. 

Further, because soft bremsstrahlung is suppressed, 



the energy deposition from the shower is 'clumpy', with 
large shower-to-shower variations [14J [. leading to large 
event-by-event differences in radio emission. These ef- 
fects are difficult to implement and most of the exper- 
iments with high thresholds have ignored electron initi- 
ated showers entirely, calculating their sensitivity to v e 
interactions solely from the hadronic showers. 

In this paper, we present more complete calculations 
of electron and photon interaction cross sections, includ- 
ing new effects that suppress the bremsstrahlung cross 
section at high energies. We consider photonuclear and 
electronuclear cross sections, along with direct pair pro- 
duction; these processes dominate over pair production 
and bremsstrahlung at energies above 10 20 eV. Exact cal- 
culations of these processes do not exist, so we present 
computations of a phenomenological nature. We deter- 
mine the total electron and photon interaction lengths 
and use a simple model to calculate the shower length as 
a function of neutrino energy. Above the energy where 
photonuclear and electronuclear interactions dominate, 
the shower length only rises modestly with further in- 
creases in neutrino energy [15| . 



II. CROSS SECTIONS WITH LPM AND 
DIELECTRIC SUPPRESSION 

The bremsstrahlung and pair production cross sections 
were first calculated by Bethe and Heitler [la ]. A mod- 
ern, detailed rendition of the Bethe- Heitler cross section 
(&bh) for an electron with energy E to radiate a photon 
with energy k = yE is [17j 
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This is in the "full-screening" limit, appropriate at high 
energies. Only the first logarithmic term, for electrons 
interacting with the target nucleus, was considered by 
Bcthc and Hcitlcr. The second logarithmic term is for 
electron interactions with atomic target electrons. This 
equation is simplified by introducing the radiation length, 
Xq and neglecting the different y dependence of the last 
term: 
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where n is the number of targets per unit volume. Sim- 
ilarly, the cross section for a photon with energy k to 
produce an e + e~ pair with lepton energies E and k — E 

is 
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where x = E/k. 

Landau and Pomerachuk [lj| showed that, at high en- 
ergies, the bremsstrahhmg and pair production cross sec- 
tions are suppressed. The longitudinal momentum trans- 
fer between the bremsstrahlung electron and the target 
nucleus is small, qu = km 2 c 3 /2E(E — k) for an electron 
with mass m energy E to emit a photon with energy k. 
For pair production, qu = km 2 c 3 j2E(k — E), where k is 
again the photon energy, and E the electron energy. 

The interaction is delocalized over a formation length, 
If = h/qii, and one adds the amplitudes for all of the 
electron-target interactions within that distance. When 
the incident particle energy is large enough so that If is 
larger than the inter-atomic spacing, destructive inter- 
ference can reduce the cross section. Semi-classically, if 
there are enough interactions in this distance to scatter 
the electron significantly (by an angle larger than m/E), 
then radiation is reduced [13, [20| - For bremsstrahhmg, 
this suppression is significant when 
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Elpm is a material dependent constant 
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For ice (with a density 90% that of water), Elpm = 303 
TeV, while in standard rock, with a density of 2.65 g/cm 3 
and X — 10 cm, Elpm = 77 TeV. The degree of sup- 
pression may be calculated semi-classically: one singles 
out a single target as causing the bremsstrahlung, with 
the other targets contributing via multiple scattering. 
This approach is in reasonable agreement with more ac- 
curate calculations. For k < E(E — k)/E LPM , the sup- 
pression is found by calculating qu, including a term to 
account for the change in electron momentum due to the 
multiple scattering; the change in direction reduces its 
forward momentum 12 ill, and 
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where 8mS2 is the angle that the electron scatters in 
traversing half of the formation length lf/2. For mul- 
tiple Coulomb scattering, the mean scattering angle for 
a relativistic electron in a distance lf/2 is 
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where E s = mc 2 ^f At: /a = 21.2 MeV; a « 1/137 is 



the electromagnetic coupling constant. 8mS2 depends 
on If, and gn = h/lf depends on 2 MS2l so one obtains a 
quadratic equation for If. 

The degree of suppression, S, is the ratio of the reduced 
formation length to the formation length in open space: 
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Low energy radiation is reduced the most. 

The semi-classical calculation is easily expanded to in- 
clude new phenomena by adding additional terms to qu. 
For example, Ter-Mikaelian described the longitudinal 
density effect (also known as the dielectric effect), which 
reduces bremsstrahlung when y <« 10~ 4 22]. It arises 
from interactions between the emitted photon and the 
target medium. The photon acquires an effective mass of 
Hujp, where u p is the plasma frequency of the medium. lu p 
depends on the target electron density. In typical solids 
hujp is of order 10-60 eV. Dielectric suppression can be 
calculated semi-classically by adding a term to q\ i : 
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In the absence of other suppression mechanisms, 
bremsstrahhmg is suppressed by (k/^hio p ) 2 when k < 
jhujp. When the LPM effect is included, dielectric sup- 
pression dominates when |23| 
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For ice with HtUp sa 20 eV, this is 
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as E rises and LPM suppression becomes more impor- 
tant, this mechanism loses importance. 

For pair production, the suppression for k > Elpm is 
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For equal energy electrons and photons, the photon 
cross sections are much less suppressed than the elec- 
tron da/dk. The overall (integrated over E) pair produc- 
tion cross section is reduced by 50% for k w 70Elpm- 



In contrast, electron dE/dx is reduced by 50% when 
E = E^pm', in a shower, the LPM effect is much larger 
for electrons than photons. 

In 1956, Migdal gave a fully quantum mechanical cal- 
culation of the cross sections at high energies, includ- 
ing multiple scattering and the dielectric effect [24]. For 
bremsstrahlung, 
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where T = 1 + (^Hu} p /k) 2 . 

Migdal neglected the electron-electron scattering, but 
this can be included (assuming that it is suppressed 
in the same manner as electron-nucleus interactions) 
by renormalizing this into the radiation length. For 
bremsstrahlung 
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while for pair production: 
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Here, s is related to the degree of semic lassica l sup- 
pression, defined as Eq. © divided by y/8t;(s). The 
functions G(s) and 0(s) give the degree of suppression. 
The factor £(s) varies logarithmically as s rises within 
the limits 1 < £(s) < 2. 

Migdal provided recursive formulae for G(s) and <f>(s). 
Greatly simplified, non-recursive formulae were devel- 
oped by Stanev and collaborators [25|. For all of these 
equations, the Bethe-Heiter equivalent is obtained by set- 
ting G(s) = <f>{s) = £(s) = 1. 

The Migdal cross sections are used in most calculations 
of shower production in neutrino interactions. Although 
more sophisticated calculations exist [26|, |27J , their pre- 
dictions are similar to Migdal's. In the strong suppres- 
sion limit, Zakharov's calculations [27] should lead to a 
slightly lower cross section than Migdal [28[ , while Baier 
and Katkov 29] find pair production cross sections that 
are 2-10% percent larger than Migdal [H||. 



III. FURTHER BREMSSTRAHLUNG CROSS 
SECTION SUPPRESSION 

Another suppression mechanism arises when the 
bremsstrahlung formation length becomes larger than the 
interaction length of the created photon, //. A newly cre- 
ated bremsstrahlung photon may interact before it forms 
fully; the photon amplitude from the beginning of the 
formation length cannot be added to that at the end, be- 
cause the photon amplitude from the beginning decays 
away (due to its interaction probability) before the end 
[30( . The photon can interact via either pair production 



or a photonuclear reaction. This suppression can be in- 
cluded in the semi-classical calculation by invoking the 
uncertainty principle and adding a term to q\ i : 



qi = — = fm(app + Uja) 



(18) 



where opp is Migdal's pair production cross section [Eq. 
(|17|) ] and <Tja is the photonuclear interaction cross sec- 
tion (described in Section llV)) . 

For photons with energies less than a few Elpm, the 
interaction length is constant, (9/7)Xo, and this mecha- 
nism becomes visible (on top of LPM and dielectric sup- 
pression) when [301 ] 
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Other analyses have found slightly different coefficients 
[21:]. For ice (standard rock), this is E > 1740 TeV (645 
TeV), beyond the reach of accelerator experiments, but 
very relevant for UHE astrophysical neutrinos. Photonu- 
clear interactions can similarly limit the bremsstrahlung 
formation length, reducing radiation by electrons [15] . 

At higher photon energies, the LPM effect increases 
the photon pair production length Ipp = h/app. When 
Ipp becomes longer than the electron interaction length, 
bremsstrahlung from the partially produced electron and 
positron can limit Ipp. When Ipp is longer than the 
electron interaction length, the bremsstrahlung probabil- 
ity depends on the pair production probability, which in 
turn depends on the bremsstrahlung probability. Elec- 
tronuclear and photonuclear interactions, discussed be- 
low, can also limit the formation length, further compli- 
cating the problem. Since the particle energy decreases 
as one moves down the chain of interactions, the cross 
sections could be found iteratively, starting with low en- 
ergy bremsstrahlung and pair production. 

We use a simpler approach, taking advantage of the 
fact that, at a given energy, the LPM effect is much less 
important for photons, and that photonuclear interac- 
tions become important when the pair production cross 
section is strongly suppressed. We start with a calcula- 
tion of photon interaction probabilities, and then use that 
to find the bremsstrahlung cross sections, non-iteratively 
In doing so, we neglect the effect that bremsstrahlung 
from one of the produced leptons has on pair produc- 
tion; this should be small because of the longer electron 
interaction lengths. 

As the photon and electron energies rise, the cross 
sections drop and the interaction length increase as the 
square root of the particle energy. When S is small 
enough (sa a), it is natural to expect that higher order 
processes like electronuclear interactions and direct pair 
production e" N — >■ e + e~e~ N to become important. 



IV. PHOTON INTERACTION CROSS 
SECTIONS 



At low energies, photons interact via pair production. 
At higher energies, pair production is LPM-suppressed 
and photonuclear interactions become important. At an 
energy above about 10 20 eV (surprisingly independent 
of the target material), photonuclear cross sections are 
larger than for pair production pjj [28[ . There is signifi- 
cant uncertainty in extrapolating measured photonuclear 
cross sections to high energies; we use the Engel parame- 
terization [3ll . |32I | . It uses generalized vector dominance 
plus a term for direct photon-quark interactions [3l| . In 
the high-energy regime, the cross section rises as fc ' 08 . 
For nuclei heavier than protons, the cross section scales 
with atomic number A as A°- S8J . These cross sections 
are similar to those found in a dipole model [33[ . On the 
other hand, calculations based on a Glauber model [34[ 
give cross sections that are ^2 times lower [32j |. 

At still higher energies photons interact coherently 
with the target medium as a whole. The photons fluc- 
tuate to quark- ant iquark pairs which elastically scatter 
from target nuclei, emerging as real p° mesons. At en- 
ergies above 10 23 eV, the photon to p° conversion has a 
long formation length, so the process is delocalized and 
the amplitudes add coherently [32|]. The p° will interact 
hadronically, or decay to 7r + 7r~, which will themselves 
interact hadronically. This photon to p° conversion is 
important at the upper end of the energy range consid- 
ered here, where it will further reduce the photon inter- 
action length. However, because of the uncertainties in 
the cross-section, we do not include it in our numerical 
estimates. 

Figure [1] shows lj as a function of photon energy, and 
Figure [5] shows the probability for a photonuclear inter- 
action. The length is a constant and the photonuclear 
interaction probability negligible up to an energy of 4 
PeV (about 15Elpm) when the LPM effect becomes sig- 
nificant and the interaction length rises, k reaches a max- 
imum at a few 10 21 eV, where the falling pair-production 
cross section meets the rising photonuclear cross section. 

We neglect radiative corrections to pair production 
[351 ] . At sub-LPM energies, the radiative cross sections 
are typically a few percent of the non-radiative cross sec- 
tion. Radiative processes have higher q\ \ than their non- 
radiative counterparts, due both to the kinematics of the 
extra photon and the photon effective mass ftio p . A ra- 
diated photon with energy r introduces a term r# 2 /2c to 
q\ | , where 9 r is the angle between the initial and radi- 
ated photon directions, while the photon effective mass 
adds a term (ftiOp) 2 /2rc; neither of these terms is a major 
correction to q\ i , so radiative processes remain negligible 
even when LPM suppression is strong. 
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FIG. 1: Interaction length of a photon in ice as a function of 
photon energy for the Bethe-Heitler (BH), Migdal (Mig), and 
photonuclear (7^4) cross sections. 
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FIG. 2: Probability of a photon interacting hadronically in 
ice as a function of photon energy. 



V. BREMSSTRAHLUNG CROSS SECTIONS 

Although Migdal's formulation made a number of im- 
provements, including replacing the average scattering 
angle with a realistic distribution of scattering as well as 
considering quantum effects such as electron spin and 
photon polarization, it cannot easily include the sup- 
pression of bremsstrahlung when the produced photon 
interacts. In order to include all of these effects we 
equate Migdal's cross section with Slpm+D{ * &BH and 
the bremsstrahlung cross section is given by the product 
of (SAii/SLPM+Di) and Migdal's cross section (including 
dielectric suppression) shown in Eq. (|I5[) . 
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FIG. 3: The momentum transfer as a function of photon en- 
ergy for 10 14 and 10 20 eV electrons in ice. The colored lines 
show the expected behavior for multiple scattering (LPM), 
photon interactions with the medium (Di), and photon in- 
teraction during the formation length (7lnt). The different 
scaling regimes are discussed in Table |U The minimum in 
q N for k = 10 18 eV, E = 10 20 eV occurs when the effects of 
multiple scattering begin to dominate over the effects of the 
photon interacting within the formation length. 



For the semi-classical calculation, we sum the gn from 
different sources described in sections [TTI and Hill 
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lA) 

(20) 

Different terms in this equation dominate in different 
kinematic regimes; this leads to a rather complex behav- 
ior, with many different scaling laws. Figure [3] shows g|| 
as a function of photon energy for two different electron 
energies. Table Q] shows the five different scaling laws that 
are visible in the plot, along with the corresponding pho- 
ton energy ranges. In each regime, the bremsstrahlung 
photon spectrum follows a different power, da/dk sa k n . 
For high enough electron energies, when the radiated 
photon is energetic enough that it interacts hadronically, 
a sixth law emerges. Both the photon interaction cross 
section and the relevant term in qu rise as fc 0,08 . In the 
regime where this term dominates q< i , the bremsstrahlung 
cross section scales as da/dk oc I/fc 008 . This requires 
k > I0 20 eV, and this scaling only applies for electron 
energies E > 10 23 eV. 

Equation (|20[) retains the quadratic If dependence 
from Section II; now the total suppression factor is 
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FIG. 4: Suppression due to multiple scattering (LPM), the 
photon interaction with the medium (Di), and the photon 
interaction within the formation length (7lnt) for a 10 14 eV 
(top) and 10 20 eV (bottom) electron in ice. 



where Iq — 2hE(E — k)/m 2 c 3 k. Figure |4] shows the sup- 
pression due to multiple scattering, the photon interact- 
ing with the medium, and photon interaction within the 
formation length as a function of photon energy for two 
different electron energies in ice. 



VI. OTHER ELECTRON INTERACTIONS 



In the kinematic region where bremsstrahlung is 
strongly suppressed, two processes become important: 
direct pair production, e~iV — ¥ e + e~e~N , and electronu- 
clear interactions, whereby the electron radiates a virtual 
photon which then interacts hadronically with a nearby 
nucleus. The cross sections for both of these processes 
rise with increasing E. 
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> 1.4 x 10" 

2 x 10 s - 1.4 x 10 13 

< 2 x 10 s 

absent 

absent 


^ 1 ry&U* 

> 3 x 10 17 

< 10 8 

1.7 x 10 16 -3 x 10 17 

5.5 x 10 s - 1.7 x 10 16 



TABLE I: The different photon-energy dependencies shown in Figure [3] "Regime" refers to the largest contribution to q\\ in Eq. 
(|20|l . The third column shows the power n for photon spectrum in the bremsstrahlung cross section, da/dk ~ fc". "7lnt" refers 
to the regime where qn is dominated by photon pair conversion. It has two subclasses, depending on if the photon energy is 
high enough that LPM suppression is important for the pair conversion. *For 10 20 eV electrons, the Bethe-Heitler regime holds 
as long as the photon carries away 99.9999% of the electron energy, leaving the electron with less than 10 14 eV. Contributions 
from photonuclear interactions to qu start to become important at electron energies above 10 23 eV. 



Direct Pair Production 



The cross section for direct pair production, eN 



e + e~eN was calculated long ago [36|,l37|. These early cal- 
culations did not include LPM suppression. We use a re- 
cent calculation that does include LPM suppression 38] . 
The cross section follows Eq. (5) of Baier and Katkov 
[38| with modifications to use consistent values of A"o and 
Elpm 'for "L" and "e e " and with the definition of Vi" 
from [39|. LPM suppression is only considered for soft 
radiation (pair energy much less than incident electron 
energy), but we know of no better cross sections. 

Figure[S]compares the electron energy loss for the Baier 
and Katkov cross section with two other cross sections 
which don't include LPM effects. The unscreened cross 
section is from Eq. (3) of Block et al. [37j and is based 
on a modification of the cross section given by Bhabha 
361. The second cross section is from Eq. (46) of Bhabha 
36J and includes the effects of screening at high electron 
pair energies. The Baier and Katkov curve agrees well 
with the screening calculation in the regime where LPM 
suppression is small. At higher energies, the LPM effect 
reduces the energy loss; at 10 20 eV, the energy loss is a 
factor of about 10 lower. 



B. Electronuclear Interactions 

Electronuclear interactions occur when an electron 
emits a virtual photon, which then interacts hadronically 
with the target medium. The cross section for this is 
given by the Weizsacker- Williams method: 



a eA {E,k) 
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■a^Adk. 



(21) 



The choice of low energy cutoff, k m i n , is not too impor- 
tant; we use k m in = 10~ 5 E. This choice avoids the ef- 
fects of nuclear or hadronic resonances. The photon flux 
dN 1 /dk from an electron is from Eq. (71) of Ref. [401 ] : 
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FIG. 5: The electron energy loss due to various predictions 
for direct pair production. The curve labeled "No Screening" 
is from Ref. [33], the curve labeled "Screening" is from Ref. 

36j , and the curve labeled "Screening and LPM" is from Ref. 

3al. See text for details. 



We use the same cross sections that we used to com- 
pute the photon interactions. Although Eq. (|2"21 includes 
the effects of photon virtuality, the cross section does not 
account for this. The other uncertainties in the calcula- 
tion (such as in u^a) dwarf the inaccuracy associated 
with ignoring the photon virtuality. 

Equation (|2"2"|) is calculated without screening. How- 
ever, photonuclear interactions can occur out to impact 
parameters 



~k~' 



(23) 



At small y, b max can be larger than the Thomas-Fermi 
screening radius, a = 121Z~ 1 / 3 h/(mc) — 4.68xl0~ n mx 
Z- 1 / 3 (defined in Ref. [H just below Eq. (B24)). Then, 
screening effects must be considered. When k < ^hc/a, 
the logarithm in Eq. ([22]) should be replaced with 
ln(184Z~ 1 / 3 ) to account for the screening of the elec- 
tromagnetic fields at distances greater than a from the 
electron. There is a significant (factor of 2) discontinuity 
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FIG. 6: The bremsstrahlung cross sections from Bethe- 
Heitler (BH), Migdal (Mig), and with all suppression effects 
(Sau x cTbrem), as well as the cross sections for direct pair 
production (dPP), and electronuclear interactions (eA) as a 
function of electron energy (integrated over photon energies 
above 10 -5 E) for an electron traveling through ice. 
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FIG. 7: The electron energy loss due to suppressed 
bremsstrahlung, electronuclear interactions, and direct pair 
production as a function of electron energy. 



between these two formulae at k = jhc/a; this occurs for 
y = 8 x 10~ 3 for hydrogen and y = 1.7 x 10~ 2 for oxygen. 
After integration over k, the effect of screening is small, 
but it would affect a measurement of electron dE/dx. 

Figure [6] compares the cross sections (integrated over 
k) for bremsstrahlung with and without suppression ef- 
fects, direct pair production, and electronuclear inter- 
actions in ice. At energies above 10 16 eV, direct pair 
production has the largest cross-section. 

Although we do not consider it here, coherent p° elec- 
troproduction is also a possibility; this is analagous to 
coherent p° photoproduction [32| . 



VII. ELECTRON INTERACTION LENGTH 

Figure [7] shows the electron energy loss for suppressed 
bremsstrahlung, direct pair production, and electronu- 
clear interactions. The total electron interaction length 
depends on the total energy loss from these processes. 
We quantify it with 



X 



E 



TOT 



J, knda/dk 



(24) 



keeping k m i n = 10~ 5 E. Xtot is dominated by the region 
of large k, k > 0.1E, so it is somewhat less sensitive to 
some of the effects discussed above. These losses are 
similar to those found in Fig. 1 of Ref. [l5[ . 

At electron energies above 10 21 eV, electrons lose en- 
ergy mostly by electronuclear interactions. This is similar 
to what happened with the photon interactions at similar 
energies. At higher energies, further LPM suppression 
of bremsstrahlung (or direct pair production) becomes 



unimportant in shower development and the character of 
the interactions changes. Instead of a single, very hard 
bremsstrahlung (hard because LPM suppression elimi- 
nates the soft radiation) , electrons lose energy in a series 
of lower-energy interactions. The increase in the number 
of interactions can be estimated from the cross section 
ratios in Figure [TJ] At an energy of 10 21 eV, where the 
energy loss is similar, the direct pair production cross 
section is about two orders of magnitude higher than 
the bremsstrahlung cross section, while the electronuclear 
cross section is about three times larger. Most of the pro- 
duced particles are e + e~ pairs, but the bulk of the energy 
is lost hadronically. Between the higher cross sections 
and the higher hadronic multiplicity, the event-to-event 
fluctuations should be much smaller than in purely elec- 
tromagnetic (only bremsstrahlung and pair production) 
calculations [l3;[l3l- I n short, ultra -hig h energy electrons 
electrons radiate much like muons [42J. 

Hadronic showers are not affected by LPM suppres- 
sion |43j and the interaction energy is deposited in a 
relatively compact volume. Because the transverse mo- 
mentum scale in hadronic interactions is larger than in 
electromagnetic showers, the transverse size of the shower 
may be larger, shifting radio emission to lower frequen- 
cies. 

Muons produced in the interactions can travel long dis- 
tances [13.]. In the Rogers & Strikman dipole model, 
charm production is significantly enhanced at high ener- 
gies; at a photon energy of 10 21 eV, the leading charm 
fraction is 25-30%, depending on target composition [33J J . 
Even though most ultra-high energy charmed hadrons 
will interact and lose energy before they decay, prompt 
muon production will still be significant. 

The total electron interaction length is shown in Figure 
[5] When all of the processes discussed here are included 
the electron interaction length reaches a maximum at an 
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FIG. 8: The electron interaction length (Eq. (J2U) due to 
bremsstrahlung as a function of electron energy in ice. 



energy around 10 21 eV and decreases slowly as electron 
energy increases further. 

The largest uncertainty in the energy loss is from the 
uncertainties in the hadronic cross sections; these ener- 
gies require significant extrapolation from existing data, 
and different methods give different results. For exam- 
ple, a Glauber calculation 34] predicts a photonuclear 
cross section a factor of 2 smaller than the Engel param- 
eterization [32] . A factor of 2 change in cross section will 
shift the cross-over energy between bremsstrahlung and 
electronuclear interactions by 40%. 



VIII. ELECTROMAGNETIC SHOWER 
DEVELOPMENT 

The length of electromagnetic showers produced in 
v e interactions has often been calculated with a toy 
model for shower development 44]. The created elec- 
tron initiates an electromagnetic shower which evolves 
via bremsstrahlung and pair production, with each suc- 
ceeding shower generation containing twice as many par- 
ticles as the last, each with half the energy. Shower 
development continues until the average particle energy 
reaches the critical energy, E Cl the value where Compton 
scattering dominates. In ice, E c — 79 MeV. The inter- 
action length is the average of the electron and photon 
interaction lengths and each generation occupies a length 
In (2)Xo because Xo is the distance for a particle to lose 
all but 1/e of its energy. 

When direct pair production and electronuclear inter- 
actions are included, this model becomes problematic be- 
cause the electron can interact hadronically, spreading 
the lost energy among many particles. To include this, 
we calculate the shower length with the integral 



L 



EM 



X 



TOT 



(E) 



E 



dE 



(25) 



where Xtot includes all of the energy loss processes. 
This is essentially the integral of the inverse of the elec- 
tron energy loss. When only bremsstrahlung and pair 
production are considered (i.e. where Xtot = Xo), it 
gives a similar result to the splitting method discussed 
above: X \n(E/E c ). 

Figure [9] shows the shower length calculated for brem- 
strahlung and pair production cross sections without su- 
pression (Beithe-Heitler: Eqs. © and ©), with LPM 
and dielectric suppression (Migdal: Eqs. (TJT)1) and (fT7} ), 
and with all of the photon and electron suppression ef- 
fects, all calculated with Eq. [25] These suppressed values 
also includes the effects of the electronuclear, direct pair 
production, and photonuclear cross sections. 

For comparison, Fig. |H]also shows the hadronic shower 
length, using the approach of Refs. [lj, J44J . The 
hadronic interaction length shown in Figure H] is calcu- 
lated using a method similar to the one used for electro- 
magnetic showers. Every hadronic generation has twice 
as many particles, each with half the energy, until the 
critical energy is reached. These generations occupy one 
hadronic interaction length, 90.7 cm in ice. As is noted 
in Ref. [13| , this approach may over-estimate the shower 
length by 30-70%. At low energies, hadronic showers are 
longer than electromagnetic, largely because of the longer 
hadronic interaction length. The hadronic shower length 
rises slowly throughout the entire energy range and, for 
energies above 10 19 eV, hadronic showers are more com- 
pact than electromagnetic. 

At energies below 10 16 eV, the three electromag- 
netic curves are almost identical, and the shower length 
increases roughly logarithmically with v e energy, E v . 
Above 10 16 eV, the shower lengths with LPM suppres- 
sion increase more rapidly, as \JE V , reaching a length 
of about 200 m at 10 20 eV. At still higher energies, the 
purely electromagnetic (bremsstrahlung and pair produc- 
tion only) shower length continues to rise as \/E v . In 
contrast, when photonuclear and electronuclear interac- 
tions are included, the increase in shower length levels 
off, returning to near the log (E v ) behavior. At these 
high energies, there will also be a long-range (10s of kilo- 
meters) tail of energy deposition from prompt muons. 

At 10 24 eV, these electron shower lengths are about 
seventy times larger than without LPM suppression, and 
about an order of magitude shorter than the purely elec- 
tromagnetic shower with LPM suppression. Still, at a 
total shower length of ^1 km, they are only about thirty 
times larger than their corresponding hadronic shower 
lengths so it should be possible to make use of the radio 
emission from these showers. Since the electron shower 
contains the bulk of the v e energy, inclusion of this com- 
ponent could lead to a significant decrease in experimen- 
tal energy threshold. 

This shower length comparison only applies for elec- 
tron initiated showers, including those from v e . It should 
also be appropriate for photons with energies below 
about 10 20 eV. Higher energy primary photons interact 
hadronically, depositing all of their energy in a relatively 
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FIG. 9: The length of an electromagnetic and hadronic shower 
as a function of electron energy in ice. 



compact shower, and so the average shower length for 
photons may be found by adding the photon interaction 
length in Fig. Q] and the hadronic shower length in Fig. 



9. 



IX. CONCLUSIONS 



We have performed detailed calculations of 
bremsstrahlung and pair production at high energies, 
where the LPM effect is strong. We consider the mutual 
suppression of pair production and bremsstrahlung. 
Pair production of the nascent photons reduces the 
bremsstrahlung cross section in ice at energies above 
1 PeV, but this does not alter the overall shower 



development. 

At higher energies, above 10 20 eV in ice, photonuclear 
and electronuclear interactions become dominant con- 
tributors to photon interactions and electron energy loss. 
In this energy range, these two reactions control shower 
development, further reductions of the bremsstrahlung 
and pair production cross sections are unimportant, and 
the total cross section grows slowly with energy. 

The changing interaction length drives the total shower 
length. At energies below 10 16 eV, the total shower 
length rises slowly, roughly logarithmically, with energy. 
Above this threshold, the LPM effect becomes important 
and the shower length rises roughly as \f~E. Above 10 20 
eV, photonuclear and electronuclear interactions become 
important, and the shower length increases only slowly 
with increasing neutrino energy. At the highest ener- 
gies, electron-initiated showers are only about a factor of 
thirty longer than hadronic showers, and so should still 
emit useful fluxes of radio waves. Since v e transfer the 
bulk of their energy to the produced electron, considera- 
tion of this radiation should lead to improved sensitivity 
for future cosmic neutrino searches. 

At energies above 10 20 eV, the behavior of electron 
and photon induced showers diverges. Photons interact 
hadronically, producing a compact shower containing all 
of the initial state energy, while electrons lose energy 
gradually, depositing energy over longer distances. In 
both cases the shower develops hadronically, so it is wider 
and contains more muons than a purely electromagnetic 
shower. 

We thank Brian Mercurio for helpful discussions. This 
work was funded by the U.S. National Science Founda- 
tion under grant 0653266 and the U.S. Department of 
Energy under contract number DE-AC-76SF00098. 
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